Evidence for the Single-Site Quadrupolar Kondo Effect in the Dilute
  non-Kramers System Y$_{1-x}$Pr$_x$Ir$_2$Zn$_{20}$ by Yanagisawa, T. et al.
Evidence for the Single-Site Quadrupolar Kondo Effect in the Dilute non-Kramers
System Y1−xPrxIr2Zn20
T. Yanagisawa,1 H. Hidaka,1 H. Amitsuka,1 S. Zherlitsyn,2 J. Wosnitza,2, 3 Y. Yamane,4 and T. Onimaru4
1Department of Physics, Hokkaido University, Sapporo 060-0810, Japan
2Hochfeld-Magnetlabor Dresden (HLD-EMFL), Helmholtz-Zentrum Dresden-Rossendorf, 01328 Dresden, Germany
3Institut fu¨r Festko¨rper- und Materialphysik, TU Dresden, 01062 Dresden, Germany
4Graduate School of Advanced Sciences of Matter,
Hiroshima University, Higashi-Hiroshima 739-8530, Japan
(Dated: July 16, 2019)
Acoustic signatures of the single-site quadrupolar Kondo effect in Y0.966Pr0.034Ir2Zn20 are
presented. The elastic constant (C11 − C12)/2, corresponding to the Γ3(E)-symmetry electric-
quadrupolar response, reveals a logarithmic temperature dependence of the quadrupolar suscepti-
bility in the low-magnetic-field region below ∼0.3 K. Furthermore, the Curie-type divergence of the
elastic constant down to ∼1 K indicates that the Pr ions in this diluted system have a non-Kramers
ground-state doublet. These observations evidence the single-site quadrupolar Kondo effect, as
previously suggested based on specific-heat and electrical resistivity data.
The Kondo effect [1], in a broad sense, appears ubiq-
uitously as a phenomenon not only in dilute magnetic
alloys or dense Kondo systems but also in various fields
of physics [2, 3]. In particular, heavy-electron physics
has been intensively studied based on the Fermi-liquid
theory originally introduced by Landau [4], where a local
Fermi-liquid state is generally realized due to the Kondo
effect driven by local magnetic impurity. An unconven-
tional Kondo effect with concomitant non-Fermi-liquid
(NFL) behavior of the physical quantities has been dis-
cussed since the 1990s (see [5] for a review) and some of
the compounds that evidence NFL behavior have been
recognized to realize a new type of Kondo phenomena,
which is caused by over-screening of the local multipolar
moment via two or more channels, the so-called multi-
channel Kondo effect [6]. The two-channel version of the
multi-channel Kondo effect [7] is the so-called quadrupo-
lar Kondo effect (QKE), which was theoretically pro-
posed by Cox [8, 9].
The quadrupolar Kondo model, which is invoked by
a well-separated non-Kramers doublet Γ3 (E) ground
state in cubic symmetry, predicts several NFL pecu-
liarities at very low temperatures: such as a tempera-
ture dependence of the normalized electrical resistivity
ρ/ρ0 ∝ 1±
√
T [10]; the presence of a fractional residual
entropy S = 12R ln 2 at absolute zero; and a logarithmic
temperature dependence of the specific heat divided by
temperature, C/T , and also, of the quadrupolar suscepti-
bility χΓ well below the characteristic temperature [11].
In particular, the appearance of − lnT behavior in the
Γ3 quadrupolar susceptibility in the Cubic system can
be observed as + lnT decreasing (softening) of the elas-
tic constant (C11 − C12)/2 by means of ultrasound.
Many experimental investigations have been conducted
to test this promising theoretical scenario, especially for
uranium-based candidate materials, which were consid-
ered to have quadrupolar degrees of freedom and obey
single-site NFL behavior, such as cubic Y1−xUxPd3 and
Th1−xUxBe13, as well as tetragonal Th1−xUxRu2Si2 [12–
14]. However, it is still elusive whether the quadrupo-
lar degrees of freedom are involved in the NFL behavior
found in these compounds, because no convincing evi-
dence has been found with respect to the main cause of
these exotic phenomena, i.e., the local quadrupolar re-
sponse. Due to the duality of the 5f electrons (being
partially localized as well as itinerant) and experimental
difficulties, a non-magnetic doublet ground state of the
U 5f -electron system is possibly inappropriate to corrob-
orate the QKE.
Cubic Pr-based non-Kramers doublet systems, such as
PrInAg2, PrPb3, and PrMg3, have since been included
as candidate materials for the QKE of the Pr3+ (4f2,
J = 4) state, which has paved the way to corrobo-
rate Cox’s quadrupolar-Kondo scenario of the U4+ (5f2,
J = 4) state [15–19]. A new family of cubic compounds,
PrT2X20 (T = transition metal, X = Al, Zn, and Cd),
FIG. 1. Crystal structure of PrT2X20 (T = transition metal,
X = Al, Zn, and Cd). The Wycoff position and point-group
symmetry of the atoms are also represented below each anno-
tation.
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2has recently attracted considerable attention [20]. Figure
1 shows the crystal structure of the PrT2X20 compounds,
which have the CeCr2Al20-type structure (Fd3¯m, O
7
h,
No. 227), where a Pr guest ion (on the site 8a with Td
symmetry) is encapsulated in a highly symmetric atomic
cage consisting of X16, which forms a diamond structure
in the unit cell [21, 22].
In this cage-structured-compound family, the Pr
tends to have a Γ3(E) doublet crystalline electric field
(CEF) ground state. In particular, the Pr dilute-
limit Y1−xPrxIr2Zn20 system is studied systematically
to investigate a possible single-site quadrupolar Kondo-
state [23–25]. Y1−xPrxIr2Zn20 displays particular rich
physics, ranging from a localized quadrupolar order of
the Γ3(E) non-Kramers doublet ground-state and su-
perconductivity for x = 1 [26–28] to possible single-site
quadrupolar Kondo behavior for x→ 0, which appears as
NFL behavior in the specific heat and resistivity. Here,
we present data from ultrasonic measurements for the
dilute-limit Y0.966Pr0.034Ir2Zn20 (x = 0.034). We find
acoustic signatures of the Γ3(E) ground-state doublet,
and a logarithmic temperature dependence of the Γ3(E)-
symmetry quadrupolar susceptibility, both of which give
unambiguous evidences for the single-site quadrupolar
Kondo effect.
Single crystals of Y1−xPrxIr2Zn20 were grown by Zn-
self-flux method with pre-arc-melting alloys of Y, Pr, and
Ir as described in previous papers [23, 25]. The Pr com-
position x = 0.034 of the present sample is confirmed
by the CEF analysis of the magnetization data, which
is the same procedure used in the previous specific heat
experiments [24]. The sample dimensions of the rectan-
gular parallelepiped are 2.954 × 2.771 × 2.440 mm3 for
[110]-[11¯0]-[001]. Ultrasound is generated and detected
by a pair of LiNbO3 transducers with a thickness of 100
µm, which were bonded on the sample surfaces with
room-temperature-vulcanizing silicone. The quadrupo-
lar responses can be observed as sound-velocity change
by the phase-comparative method. The transverse sound
velocity v with propagation of k ‖ [110] and polariza-
tion u ‖ [11¯0] is converted to the elastic constant Cv =
(C11 − C12)/2 (J/m3) by using the formula Cv = ρv2.
Here, ρ = 8.277 (g/cm3) is the density of the x = 0.034
sample with the lattice constant a = 14.1969(1)A˚. The
low-temperature measurements were performed using a
top-loading dilution refrigerator.
The temperature dependence of the relative change of
the elastic constant (C11 − C12)/2 is displayed in Fig.
2. At 0 T, we found Curie-like divergence (softening) of
∼ 0.18% in (C11−C12)/2 below 2 K down to 0.04 K. The
softening is reduced by an external magnetic field. At 14
T, there remains a small magnetically robust softening of
∼ 0.02%, which might be caused by quantum tunneling
of Zn atoms at the site 16c and/or Pr and Y atoms at
the site 8a, so called, off-center tunneling (for details, see
the supplementary materials) [29, 30].
FIG. 2. Relative change of the elastic constant (C11−C12)/2,
as a function of temperature for various magnetic fields up to
14 T for H ‖ [001] of Y0.966Pr0.034Ir2Zn20. The inset shows
(C11 −C12)/2 as a function of magnetic field at various fixed
temperatures between 0.04 and 20 K.
The temperature and magnetic-field dependence of the
elastic constant corresponding to the point group sym-
metry Γ in local 4f -electron system can be described
as a sum of three components of the elastic moduli,
CΓ(T,H) = C
0
Γ(T ) + C
4f
Γ (T,H) + C
dHvA
Γ (T,H). Here,
C0Γ(T ) is the temperature dependent (magnetic-field-
independent) phonon background with the contribution
from the off-center tunneling. C4fΓ (T,H) is the contri-
bution from the 4f electrons, mainly due to CEF ef-
fects, which can be described here by the quadrupolar
susceptibility of the Pr ion and leads to the Curie-type
softening [31]. CdHvAΓ (T,H) is the de Haas-van Alphen
(dHvA) effect which leads to quantum oscillations in
high-magnetic fields with frequencies proportional to
1/H [32]. Since C0Γ(T ) is usually unaffected by magnetic
field, we can simply estimate the latter two components
in above equation by comparing the T and H dependence
of the elastic constant CΓ3(T,H) = (C11 − C12)/2.
The inset of Fig. 2 shows the magnetic-field depen-
dence of the (C11 − C12)/2, where acoustic dHvA os-
cillations with frequencies of 148, 185, 332, and 295 T
(decreasing order of oscillation amplitude) are clearly ob-
served below 20 K. Detailed analyses of these dHvA data
are subject of a forthcoming publication, however, this
observation clearly proves the high quality of the present
single crystal.
In the main panel of Fig. 2, the red, green, and blue
double-headed arrows indicate the amount of change of
CdHvAΓ for 14 T, estimated from the field dependence,
phonon contribution C0Γ(T ) below 1 K, and the softening
originated in C0Γ(T ) + C
4f
Γ (T,H) for 0 T below 1 K, re-
spectively. Here, it is obvious that the major part of the
low-temperature softening in the present compound can
3FIG. 3. Elastic constant (C11 − C12)/2 (open symbols)
of Y0.966Pr0.034Ir2Zn20 as a function of temperature at vari-
ous magnetic fields H ‖ [001]. Dashed and solid curves indi-
cate the calculated quadrupolar susceptibility with and with-
out the 141Pr’s nuclear dipolar contribution, respectively (see
text). The insets show zooms of (a) the calculations below
0.1 K for 0 and 1 T, and (b) the data above 3 T.
be interpreted by C4fΓ (T,H), which is a combination of
CEF effects, nuclear effects, and a possible contribution
from the QKE. Note that the temperature dependence
of the dHvA oscillation amplitude CdHvAΓ (T ) below 1 K
is negligible compare to the other contributions because
they only change within ∆Cv/Cv ∼ 2 × 10−5 for 3 T
and ∼ 1 × 10−4 for 13.5 T. Based on the presence of
the Curie-like softening (∝ T−1) in (C11−C12)/2 at low
magnetic fields, it can be concluded that the Pr ions in
the present dilute system also have a non-Kramers Γ3(E)
CEF ground-state doublet, which is crucial for QKE. The
amount of change in (C11 −C12)/2 in the present Y-rich
system, ∆Cv/Cv ∼ 0.18%, is larger than the expected
value 0.013% for x = 0.034, which is simply estimated
by multiplying the volume fraction of the Pr concentra-
tion to the softening of 0.39% observed at the antiferro-
quadrupolar ordering temperature TQ ∼ 0.11 K in the
non-diluted compound (PrIr2Zn20) [27, 33]. A possible
reason for this discrepancy is the absence of the inter-
site quadrupolar-quadrupolar interactions in the present
diluted system (as described later), since the amount
of softening of the elastic constant will depend on the
tradeoff between the enhancement of the softening due
to the volume fraction of Pr-ion, and the reduction of
the softening due to the antiferro-type of the inter-site
quadrupolar-quadrupolar interactions. Further investi-
gations of this system toward a wide range of Pr concen-
trations are needed to check a possible systematic change
of the softening and the inter-site quadrupolar interac-
tion.
In Fig. 3, the elastic constant (C11 − C12)/2 is repre-
sented as a function of temperature in logarithmic scale
at various magnetic fields. Here, the contributions from
dHvA efffect below 1 K, and are estimated from Fig. 2
which is already subtracted as a constant background.
Dotted and solid curves are the calculated quadrupolar
susceptibility based on the local 4f -electron state of Pr3+
with and without the 141Pr’s nuclear dipolar contribu-
tion, respectively. From the analysis, we notice that the
local 4f -electron model well reproduces the data in 3 T
and above, however not below 3 T and T < T ∗ ∼ 1 K,
where the expected softening of (C11−C12)/2 is strongly
suppressed and also exhibits a logarithmic temperature
dependence below T0 ∼ 0.3 K. Here, the characteristic
temperature T0 is estimated from previous specific-heat
measurements [25]. Based on the similarity of the log-
arithmic temperature dependence found in the specific
heat and elastic constant, we may assume that there is
a strong correlation between the NFL behavior and the
quadrupolar fluctuations in the present system.
Since we found no obvious frequency dependence of the
ultrasound velocity in the range from 65 to 230 MHz (see
supplementary material) and also no considerable ultra-
sonic attenuation at around T0, a dynamical quadrupo-
lar effect can be neglected, at least in the present fre-
quency range. Thus, we analyze the elastic softening of
(C11−C12)/2 using the following formula describing the
static quadrupolar susceptibility: C4fΓ3(T,H) = C
0
Γ3(T )−
Ng2Γ3χΓ3(T,H)/{1− g′Γ3χΓ3(T,H)} (see the supplemen-
tary material and Ref. [34]). Here, C0Γ3(T ) is a magnet-
ically independent background term, N = 0.095 × 1027
m−3 is the number of Pr ions per unit volume in the x
= 0.034 sample estimated from the lattice constant at
room temperature. gΓ3 = 19.0 K is the coupling con-
stant of the quadrupole-strain interaction, which is ob-
tained from the best fit for the data above 3 T, where the
non-magnetic Kramers doublet obeys Zeeman splitting
and mixing with the wave function from the first excited
Γ4(T1) triplet CEF state (at ∼ 25.3 K in zero magnetic
field). The coupling constant of inter-site quadrupolar
interaction is set to g′Γ3 = 0. This negligible inter-site
quadrupolar interaction, as obtained from our data for
the diluted system, allows to discuss the following single-
site quadrupolar effect.
The Γ3(E)-symmetry quadrupolar susceptibility
χΓ3(T,H) for H ‖ [001] is calculated by using the
quadrupolar operator O22 = J
2
x − J2y and the previously
reported CEF parameters for PrIr2Zn20; B
0
4 = −0.0109
K, B44 = 5B
0
4 , B
0
6 = −0.4477 mK, and B46 = −21B06
(equivalent to: W = −1.219 K and X = +0.537
[22, 35]). In the present setup, the rotationally invariant
magneto-elastic effect [36] can be neglected. Note that a
tiny tetragonal distortion of B02 = +0.003 K is added for
the present calculation to reproduce the local minimum
appearing at ∼ 0.7 T in the magnetic-field dependence
of (C11−C12)/2 at 0.04 K (arrowhead in the inset of Fig.
42). This may be caused by small inhomogeneities leading
to a tiny disorder. This splits the Γ3(E) doublet into
two singlets with a gap of ∆Γ3 = 0.048 K, which could
also be responsible for the deviation from the + lnT
dependence below ∼ 0.06 K at 0.5 − 1.5 T, as shown
below in Fig. 4. This small gap obeys Zeeman splitting
in magnetic field and a recovery of the degeneracy
should occur in the vicinity of 0.6 T for H ‖ [001]. From
these facts, it can be concluded that the present sample
has a finite volume fraction of disordered Pr sites where
the 4f electrons are localized even in the NFL region.
We also tested a random two-level (RTL) model [25]
with a normal distribution of the gap value by assuming
0 ≤ ∆Γ3 ≤ 0.096 K (0 ≤ B02 ≤ +0.006 K) with a mean
value of B02 = +0.003 K. This RTL model does not
reproduce the + lnT dependence of the elastic constant
and further reveals the same result as the calculation
done for a single mean value as shown by the solid curves
in Fig. 3.
We can also rule out the possibilities of the contri-
butions from the nuclear spin [37, 38] and the effect
of quantum tunneling of atoms (so-called off-center de-
grees of freedom [29]) by following reasons. The dotted
curves in Fig. 3 are the calculations including the addi-
tional contribution from hyperfine interactions of nuclear
dipoles (rank 1) as described in the supplemental mate-
rial. The nuclear contribution causes a minor deviation
below ∼ 0.1 K in the present analysis and makes the
fit even worse. On the other hand, the effect of quan-
tum tunneling of atoms can simply be estimated from
the 14-T data, since it can be considered that the off-
center degrees of freedom must be magnetically robust.
The background of the elastic constant C0Γ3(T ) used in
the present analysis is estimated from the fit to the whole
temperature range of the data at 14 T (also see details
in the supplemental material). Indeed, the contribution
from the off-center degrees of freedom is relatively small
compared to the change of the + lnT softening. Accord-
ing to the above considerations, we conclude that both
of the nuclear dipolar (hyperfine) interaction and the off-
center tunneling phenomena cannot reproduce the + lnT
behavior in the elastic constant.
In Fig. 4, we replot the data on a logarithmic T scale in
which the 14-T data, representing the background of the
off-center contribution, has been subtracted. The back-
ground contribution is negligibly small as shown the 14-T
data and x = 0 (YIr2Zn20) system for comparison. It be-
comes obvious that the elastic constant (C11 − C12)/2
exhibits a + ln (T/T0) dependence for temperature be-
low T0 ∼ 0.3 K and below 1.5 T. This logarithmic di-
vergence of the quadrupolar susceptibility, i.e., logarith-
mic softening of the elastic constant, is consistent with
the prediction from the quadrupolar Kondo theory [8, 9],
and also clearly identifies that the channel number of the
Kondo effect in the present system must be two, in con-
trast to the single-channel Kondo effect (magnetic dipo-
FIG. 4. (Upper panel) Temperature dependence of the
background-subtracted elastic constant (C11−C12)/2, shown
as relative change, at selected magnetic fields. Data of
PrIr2Zn20 (x = 1) [27] and YIr2Zn20 (x = 0) are also dis-
played for comparison. The data are vertically shifted to fa-
cilitate display of the temperature and magnetic field vari-
ations. (Lower panel) Ultrasonic attenuation coefficient vs.
temperature.
lar in origin), which leads to a leveling-off feature of the
quadrupolar susceptibility [7, 11]. The small deviation
below about 0.06 K (∆Γ3) has been discussed above and
is probably caused by tiny disorder. When applying mag-
netic field, the data deviates from the + ln (T/T0) behav-
ior and seems to crossover to localized electronic states
above 3 T. The fact is also consistent with the precon-
ceived scenario that the Zeeman splitting of not only the
Γ3(E) doublet of the local 4f electrons, due to the mix-
ing of the first excited Γ4(T1) CEF state, but also the
splitting of the Γ8 states of the conduction band in finite
magnetic fields will destroy the c-f hybridization, which
was driving the QKE. The ultrasonic attenuation coeffi-
cient is displayed in the lower panel of Fig. 4. The upturn
appearing towards low temperatures in the ultrasonic at-
tenuation (indicated by down arrows) strongly suggests a
mixing of the excited Γ4(T1) triplet state in applied mag-
netic fields, while there is no enhancement or anomaly in
the ultrasonic attenuation at fields below 1.5 T, which
also rules out dynamical effects, such as the vibronic
state [39]. Based on the above investigations, the log-
arithmic temperature dependence of the elastic constant
(C11−C12)/2 is considered to be clearly and strongly rele-
vant to the recent finding of the NFL behavior in the elec-
trical resistivity and specific heat of Y0.966Pr0.034Ir2Zn20
in the diluted Pr systems in the same temperature and
magnetic field region. Further investigations are needed
5to check a possible systematic change in the logarithmic
behavior toward a wide range of Pr concentrations.
In conclusion, we have reported that the elastic con-
stant (C11 − C12)/2, related to the Γ3(E)-symmetry
quadrupolar susceptibility, of Y0.966Pr0.034Ir2Zn20 obeys
a Curie law down to ∼ 1 K. (C11 − C12)/2 exhibits a
strong deviation from the localized 4f -electron model
and a logarithmic temperature dependence below T0 ∼
0.3 K, where NFL behavior in the specific heat and elec-
trical resistivity have previously been reported. This log-
arithmic temperature variation manifested in the Γ3(E)-
symmetry quadrupolar susceptibility is consistent with
the theoretical prediction of a QKE by Cox. Thus, it is
reasonable to consider that the local NFL behavior of the
present compound arises from a single-site two-channel
(electric quadrupolar) Kondo effect.
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1. ULTRASONIC METHODS
Ultrasonic measurements have been widely used in studies of condensed matter. They are valuable tools for detailed
characterization of the elasticity of lattice as well as any other type of excitations which couple to the strain fields
with an appropriate symmetry induced by ultrasound in solids, e.g., electric quadrupolar and hexadecapolar degrees
of freedom, magnetic ordering (via magneto-elastic phenomena), superconductivity, local Einstein phonon, quantum
oscillation (acoustic dHvA effect via electron-lattice coupling) and so on. By using longitudinal and transverse ultra-
sonic modes, the response of these excitations of electron and/or phonon systems can be obtained spectroscopically.
In particular, the temperature dependence of the elastic constant is one of the powerful tools to investigate the
non-Kramers Γ3 ground state system, because the Γ3-type elastic strain εu and εv corresponding to the transverse
ultrasonic modes Cu and Cv couple to the the electric quadrupole with same symmetry as Ou =
1
2 (2J
2
z − J2x − J2y )
and Ov =
√
3
2 (J
2
x − J2y ), respectively (Fig. A.1), which the non-magnetic Γ3 ground doublet has.
FIG. A.1.
Symmetry, elastic constant, symmetrized strain and quadrupole, and illustration of strain and coupled charge distributions.
TABLE A.1. Symmetry, strain, quadrupole and related elastic stuffiness constant
Symmetry Γ Strain εΓ Quadrupole OΓ Elastic Stiffnes Constant CΓ
Γ1 (A1g) εB = εxx − εyy − εzz 13 (J2x + J2y + J2z ) CB = C11 − 43 (C11 − C12)
Γ3 (Eg) εu = (2εzz − εxx − εyy)/
√
3 1
2
(2J2z − J2x − J2y ) Cu = (C11 − C12)/2
εv = εxx − yy
√
3
2
(J2x − J2y ) Cv = (C11 − C12)/2
Γ5 (T2g) εyz
√
3
2
(JyJz − JzJy) C44
εzx
√
3
2
(JzJx − JxJz) C44
εxy
√
3
2
(JxJy − JyJx) C44
2. CALCULATION OF QUADRUPOLAR SUSCEPTIBILITY UNDER CUBIC CEF
Calculation of the temperature and magnetic field variations of the elastic constant in the present paper is performed
by using the theory based on Wigner-Brillouin perturbation method. The crystalline electric field (CEF) Hamiltonian
with elastic-strain mediated perturbation is,
H =HCEF +
∑
Γ
∂HCEF
∂Γ
Γ. (1)
7Here, Γ is symmetrized strain with the point group symmetry Γ, which is induced by ultrasound. The Cubic CEF
Hamiltonian taking Zeeman effect and tiny tetragonal distortion into consideration is written as
HCEF =HCubic +HZeeman +HTetra. (2)
= B04(O
0
4 + 5O
4
4) +B
0
6(O
0
6 − 21O46) + gJµB
∑
i=x,y,z
JiHi +B
0
2O
0
2.
Here, Bnm are the CEF parameters and O
n
m are the Stevens operators. The second term of Eq. (1) is explained in
terms of electric quadrupole-strain interaction written as
HQS(Γ) = −gΓOΓΓ, (3)
where gΓ is a coupling constant, and OΓ is an electric quadrupolar moment (as listed in Fig. 1).
The Helmholtz free energy of the local 4f electronic states in the CEF can be written as,
F = U −NkBT ln
∑
i
exp{−Ei(Γ)/kBT}, (4)
where N is the number of ions in a unit volume, i is the number index for J multiplets and their degenerate states.
U gives the internal energy for the strained system, which is written in terms of the symmetry strains and elastic
constants,
U =
1
2
∑
Γ
CΓ
2
Γ. (5)
Ei(Γ) is a perturbated CEF level as a function of strain Γ up to the second-order perturbation, which can be
considered as
Ei(Γ) = E
0
i + gΓ
〈
i|HQS(Γ)|i
〉
Γ + g
2
Γ
∑
j 6=i
| 〈j|HQS(Γ)|i〉 |2
E
(0)
j − E(0)i
2Γ. (6)
In the second perturbation, the temperature dependence of the elastic constant is given by
CΓ(T,H) = C
0
Γ −Ng2ΓχΓ(T,H). (7)
Here, C0Γ is the background of the elastic constant. The single-ion quadrupolar susceptibility χΓ is defined as the
second derivative of the free energy with respect to strain (in the Γ → 0 limit),
−g2ΓχΓ = −
〈
∂2Ei
∂2Γ
〉
+ 1kBT
[〈(
∂Ei
∂Γ
)2〉
−
〈
∂Ei
∂Γ
〉2]
. (8)
In addition to the strain-quadrupole interaction (Eq. 3), the intersite quadrupole-quadrupole interaction can also
be added by using the molecular field approximation of quadrupolar moment OΓ by considering sublattices α, as
HQQ(Γ) = −
∑
α
∑
Γ
g′Γ 〈OΓ〉OαΓ . (9)
The temperature dependence of the elastic constant (Eq. 7) will be rewritten as following equation,
CΓ(T,H) = C
0
Γ −
Ng2ΓχΓ(T,H)
1− g′ΓχΓ(T,H)
. (10)
3. NUCLEAR CONTRIBUTION
In the present analysis, we also consider an additional term in the CEF hamiltonian, which is the hyperfine
interaction between the nuclear dipole and Γ3(E) electric quadrupole of the 4f electrons. The dotted curves in Fig.
83 of the main text are the calculations including the additional contribution from hyperfine interactions of nuclear
dipoles (rank 1) as described by following Hamiltonian,
HHF = AHFI · J − gNµNI · µ0H. (11)
Here, I is the nuclear spin I = 5/2 of the 141Pr nucleus (natural abundance of 100%) and J is the total angular
momentum J = 4 for Pr3+. gN = 1.72 and µN are the nuclear g-factor and the nuclear magneton, respectively.
We used Ahf = +0.052 K for the Pr nuclei. The nuclear contribution causes a minor deviation below ∼ 0.1 K in
the present analysis. Note that a possible contribution from the nuclear quadrupoles (rank 2) is not considered here
and should be tested in the future. The nuclear magnetic moment of the “off-cite” nucleus; 67Zn (I = 3/2, natural
abundance of 4.04%), 89Y (I = 1/2, natural abundance of 100%), 193Ir (I = 3/2, natural abundance of 62.7%),
191Ir (I = 3/2, natural abundance of 37.3%), are negligible, since the “on-site” 141Pr hyperfine interaction should
be dominant for the present analysis of the Pr’s single-ion susceptibility, compare to the weak dipolar fields from
the “off-site” nucleus. In addition, it should be noted that the upturn of the specific heat appearing below 0.5 K in
magnetic field of B ≤ 12 T is well reproduced by only considering Pr’s nuclear dipolar contribution. [Yamane et al.,
AIP Advances 8, 101338 (2018).]
4. CONTRIBUTION FROM QUANTUM TUNNELING OF ATOMS
(OFF-CENTER DEGREES OF FREEDOM)
Quantum tunneling (or off-center tunneling) is a local Einstein-phonon-like quantum oscillation of the atom
through the potential hills between potential minima at around the high-symmetrical sites. This phenomenon has
generally been found in glasses (as a two-level system) and some cage-structured compounds such as clathrate
metals, filled-skutterudite compounds, and the present RT2Zn20 (R= Y, La or Pr, T = Rh or Ir) compounds. The
symmetrical, off-center mode couples to the appropriate symmetrized strain (deformation potential) induced by
ultrasound, and causes magnetically-insensitive Curie-type softening of the elastic constant at low temperatures.
The effect of the quantum tunneling on the elastic constant can be considered as follows. The background C0v (T )
used in the present analysis includes a general phenomenological expressions of the phonon background and a Curie-
type softening due to quantum tunneling which has been found in cage-structured compounds written as
C0v (T ) = a− b/{exp(t/c)− 1}+ d(T − TC)/(T −Θ). (12)
Here, a = 5.2771 × 1010 J/m3; b = 0.005 × 1010 J/m3; c = 20 K, d = 0.0011 × 1010 J/m3 are used for the present
analysis. The structural transition temperature (if the transition were second order) TC = −0.6 K and the transition
temperature due to the two-ion (quadrupolar) interactions Θ = −0.3 K are obtained from the fit to the whole
temperature range of the data at 14 T, where the dHvA oscillations amplitude have been subtracted beforehand. The
negative values of these parameters indicate an absence of the transitions. Indeed, the non-4f system YIr2Zn20 also
exhibits similar Curie-type softening in (C11 − C12)/2 mode, which evidences the presence of off-center contribution
in the present system. Here, the softening of 0.002% below 1 K in YIr2Zn20 is relatively smaller than that of 0.014%
in Y0.966Pr0.034Ir2Zn20 at 14 T as compared in Fig. 4 of the main text. However, the contribution from the off-center
degrees of freedom is still negligibly small compared to the change of the + lnT softening as can be seen in Fig. 4 of
the main text.
5. ESTIMATION OF THE CONTRIBUTION FROM DE HAAS-VAN ALPHEN OSCILLATION
Here, we show how the background subtraction was done, regarding the temperature and magnetic field dependence
of the dHvA oscillation. A constant background is used for the temperature dependence of the elastic constant
(C11−C12)/2 below 1 K, in order to represent the CEF+QKE contributions with absolute value of elastic constant in
Fig. 3 (of the main text), and also to perform CEF analyses by considering volume fraction of Pr-ion and quadrupolar
interactions. The schematic illustration of the background subtraction is shown in Fig. A.2. The value of the constant
background is defined by the dHvA oscillation amplitude at the lowest temperature in each magnetic field. Figs.
A.3(a, b), as shown below, represents the raw magnetic field dependences of the elastic constant (C11 − C12)/2. For
comparison, the relative change version of the graph is also displayed in Figs. A.3(c, d). Here the data in Figs. A.3
(c, d) are normalized at 0 T and shifted with constant background subtraction by sorting the node of the waveform
9in order to clearly visualize the temperature variation of the CEF (Zeeman)+QKE effect and also dHvA oscillation
amplitude under a magnetic field. The constant background of dHvA contributions in each magnetic field, for example
CdHvAΓ3 = +0.005 J/m
3 for 14 T, is defined from the dHvA oscillation amplitude at the lowest temperature (40 mK).
In Fig. A.3(d), the temperature variation of the dHvA oscillation amplitude is visualized by zooming up at around
13.5 T. One can observe the change in the dHvA oscillation amplitude ∆Cv/Cv = 1.4 × 10−4 for 13.5 T below ∼ 1
K is much smaller than the total amplitude ∆Cv/Cv ∼ 1 × 10−3. The background subtraction is more important
for the analysis of + lnT dependence in the low-magnetic field region. However, the change in the dHvA oscillation
amplitude, ∆Cv/Cv ∼ 2.0 × 10−5 for 3 T, is two orders of magnitude less than the change in + lnT dependence
of ∆Cv/Cv ∼ 1.2 × 10−3 at 0 T. Therefore, it can be considered that the temperature dependence of the dHvA
contribution below 1 K is negligible and the present constant background subtraction does not affect the conclusion
presented in Fig. 4 (in the manuscript).
FIG. A.2.
Schematic illustration of the background subtraction for the elastic constant (C11 − C12)/2 of Y0.0966Pr0.034Ir2Zn20 Open
circles with error bars are the temperature dependence of the elastic constant, which were converted from the magnetic field
dependence at fixed temperatures as shown in Fig. A.3.(a). The blue and orange hatched area indicate the estimated dHvA
contributions CdHvAΓ3 and phonon contributions (including quantum tunneling) C
0
Γ3 as the background for the CEF analysis,
respectively.
6. FREQUENCY DEPENDENCE
In the following Fig. A4, we show the frequency dependence of the elastic constant (C11 −C12)/2 vs. temperature
between 17.5 to 237 MHz. There is frequency dependent deviation below 10 K, which could be due to ultrasonic
dispersion caused by a rattling effect, but the low-temperature + lnT dependence is not as much affected by frequency
change (except for the data at 17.5 and 151 MHz, which have poor reproducibility due to relatively bad signal quality).
The reason for the current choice of frequency 108 MHz in the main text is mainly due to impedance matching of the
LiNbO3 transducers, and the best signal quality.
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FIG. A.3.
Magnetic field dependence of the elastic constant (C11 −C12)/2 of Y0.0966Pr0.034Ir2Zn20: (a) plot with absolute value without
background subtraction, (c) plot with relative change, vertically shifted for easy comparison of the temperature dependence of
the dHvA signal amplitudes, (b and d) zooming up around 13.5 T.
FIG. A.4.
Frequency dependence of the elastic constant (C11 − C12)/2 of Y0.0966Pr0.034Ir2Zn20vs. temperature at 0 T
